If F 2 S(G) then G U(F) is an outer nest, so any F 2 S(G) can be obtained by reversing some outer nest in G. Conversely, let G O be an outer nest and reverse its parentheses to obtain F 0 . Since the spaces between members of G O consist of blocks, all parentheses of F 0 not in F 0 O pair among themselves in a fashion similar to those not in G O . Therefore F 0 O consists of closed parentheses to the left of open parentheses. Since all other parentheses are members of pairs, F 0 O remain unpaired, and so U(F 0 ) = O. Thus F 0 2 S(G). The above tells us that the cardinality of S(G) equals the number of outer nests in G plus one (since G 2 S(G)). Thus by Lemma 2 the cardinality of S(G) equals n + 1 for every G, and each set S(G) contains one and only one well-formed formula. Since there are altogether De nition 7 Let G be a well-formed formula and let S(G) be the set fFg of formulas which are mapped to G by reversing the parentheses in F U(F) . Since each formula gets mapped to one and only one well-formed formula, we have that the set of all formulas equals the disjoint union G S(G), G well-formed.
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Figure 2: An formula with n = 11 and the well-formed formula it is mapped to. Notice that the unpaired parentheses then pair amongst themselves in a nested fasion. Blocks are boxed as in the previous gure. The new blocks created by the ipping are dotted.
Given a formula F and a well-formed formula G, if F 2 S(G) then G can be obtained from F by reversing the direction of the unpaired parentheses of F. By again reversing these parentheses, we see that we can also obtain F from G. Lemma 2 Any well-formed formula has n outer nests.
Proof: Every nest has an innermost pair, and every pair is the innermost pair of at least one nest. If F i;j is the innermost pair of the outer nest F O , then F O must contain all pairs which surround F i;j and can contain no other pairs. From this we see that there is one and only one outer nest with innermost pair F i;j . Since a well-formed formula has n pairs, it has n outer nests. De nition 3 We say that F i;j] is a block if F i;j pairs and every parenthesis F k (i < k < j) is paired with some F l (i < l < j). We make the convention that the empty set is a block as well.
Note that blocks contain the same number of open parentheses as closed, and thus are always of even length.
Any parenthesis which is a member of a pair is also a member of at least one block. Any parenthesis which is unpaired cannot be a member of a block.
Our pairing algorithm works inductively on the distance between parentheses. First it forms all blocks of size 2. The next step in the algorithm forms all blocks of size 4, and so on. By induction, it is clear that the question of whether or not F i;j] forms a block depends only on its members. The parentheses outside a block F i;j] have no e ect on the pairing within F i;j] . We therefore have:
Lemma 1 If F and G are formulas where F i;j] is a block, and G k F k for all k; (i k j), then G i;j] is a block as well.
De nition 4 Let N = fi 1 ; i 2 ; :::; i t ; j t ; j t?1 ; :::; j 1 g, where i 1 < i 2 < ::: < i t < j t < j t?1 < ::: < j 1 . If F i1;j1 ; F i2;j2 ; :::; F it;jt are pairs, we say that F N is a nest. If F i1;i2;:::;it is a set of unpaired closed parentheses in F and F jt;jt?1 ;:::;j1 is a set of unpaired open parentheses in F, we say that F N forms an antinest. 
Formulas
De nition 1 A formula is any ordering of n open and n closed parentheses for any positive integer n.
For the rest of the paper, we x n, so each formula has 2n parentheses (n open, n closed). The total number of formulas is
De nition 2 Let F be a formula. We denote the ith parenthesis of F by F i . If G is another formula (including the possibility that G = F) and F i and G j are both open or both closed, we write F i G j . If one is open and the other closed, we write F i 6 G j . If S is a subset of f1; 2; :::; 2ng then F S = fF k jk 2 Sg. For simplicity we write fF i1 ; F i2 ; :::; F ik g instead of F i1;i2;:::;ik . We use i; j] to represent fi; i + 1; i + 2; :::; jg Algorithm We pair parentheses in any formula F in the following manner. We rst pair 
